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Abstract
Associated with any t-structure on a tensor triangulated category is a cohomology theory for which a general Ku¨nneth formula
is proved in this paper.
c© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
The following is devoted to deriving a general Ku¨nneth formula for cohomology with respect to a t-structure on a
tensor triangulated category. More precisely we prove the following theorem.
Theorem 4.1. Let D be a tensor triangulated category with a compatible bounded t-structure. Then for objects X, Y
and an integer n there is a natural isomorphism
Hn(X ⊗ Y ) =
∐
p+q=n
H p(X)⊗ Hq(Y ).
The prototypical example for the setting where this is applied is provided by the bounded derived category of a tensor
abelian category A. The proof below written for this case does not use the stupid filtration, hence giving a new proof
for the classical Ku¨nneth formula. However the primary case of interest for us in [3] is that of application of this
theorem to the triangulated category of mixed Tate motives over a number field k endowed with the t-structure of
Levine [5] and proof of some statements about the motivic cohomology with rational coefficients of a split reductive
k-group.
We may restate the theorem in a slightly different form: that for such a category D with heartA the familiar formula
H(X ⊗ Y ) = H(X) ⊗ H(Y ) holds for the total cohomology functor H on D. As in the classical case, this shows
that the cohomology H(X) of a (co)group object X has the same structure and hence the classical results on the
classification of Hopf algebras may be used to obtain information about the original group objects. However a little
caution (see below) must be exercised when dealing with (co)commutative (co)group objects.
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We now say a few words about tensor triangulated categories with compatible bounded t-structures, i.e. categories
of the type to which the theorem above applies. Let D be a triangulated category with a tensor structure ⊗ and a
t-structure τ . We require the tensor product to be compatible with both the triangulation and the t-structure. Let us
make these clearer.
There exist a few possible lists of axioms for tensor triangulated categories which are used and introduced by differ-
ent authors. The axioms of May [6, Section 4] and Keller and Neeman [4] are more than what we need for our purpose.
In this article we take the minimal definition: that is, (D,⊗) is a tensor triangulated category if the tensor product is
an exact functor in both arguments; see Section 2 for precise definition. This is almost the same as the definition used
by Balmer [1] and slightly weaker than the definition given by Mazza, Voevodsky and Weibel [7, Appendix 8A].
The introduction of the notion of (strict) compatibility of the t-structure τ and the tensor structure ⊗ on D is the
main but simple new idea developed in this article. This is done with care in Lemma 3.4. More precisely, we show
that the familiar behaviour of chain complexes (i.e. objects of a bounded derived category Db(A)) with respect to the
tensor product is a consequence of the simple requirementA⊗A ⊆ A. Note that this condition is necessary and cannot
be removed from the theorem. But relaxing this strict compatibility may still allow more general universal coefficient
theorems in the setting of tensor triangulated categories. However due to the fact that there is in general no relation
between a t-structured triangulated category and the derived category of its heart, it has, so far, not been possible for
us to formulate such a theorem involving Tor terms.
The organization of the paper is briefly as follows. After this introduction we explain what we mean by a tensor
triangulated category. Then we prove some lemmas concerning compatibility of a t-structure and a tensor structure on
a triangulated category. In the last section we first prove our main theorem. We then conclude by explaining that if we
impose a further sign axiom 4.2 on our tensor triangulated categories, the Ku¨nneth isomorphism ∩ provided by the
theorem commutes with symmetry constraint t in a graded sense. More precisely, for a category D as in the theorem,
the sign axiom on D implies that the diagram
H(X ⊗ Y )
H(t)

H(X)⊗ H(Y )
tgr

∩oo
H(X ⊗ Y ) H(X)⊗ H(Y )∩oo
is commutative. For example this can be used to deduce the commutativity of H(X) for a commutative group object
X .
2. Tensor triangulated categories
In this section we explain what we mean by a tensor triangulated category. We refer the reader to [10] or [8] for
the definition and first properties of triangulated categories, and for tensor categories to [9, Chapitre I]. In particular a
tensor structure on an additive category D is simply an additive functor ⊗: D × D → D. If we need extra structures,
we will mention them explicitly. We now give our formal definition.
Definition 2.1. In this article a tensor triangulated category is a triangulated category D together with a tensor
structure ⊗: D × D → D such that the tensor product is a triangulated functor in both arguments, i.e.
(TTCR) there exists a natural isomorphism rX,Y : X ⊗ Y [1] → (X ⊗ Y )[1] of functors from D × D → D such that
for every distinguished triangle Y → Z → T d→ Y [1] the triangle
X ⊗ Y → X ⊗ Z → X ⊗ T rX,Y ◦(idX⊗d) // (X ⊗ Y )[1]
is distinguished and
(TTCL) there exists a natural isomorphism lX,Y : X [1] ⊗ Y → (X ⊗ Y )[1] of functors from D × D → D such that
for every distinguished triangle X → Z → T d→ X [1] the triangle
X ⊗ Y → Z ⊗ Y → T ⊗ Y lX,Y ◦(d⊗idY ) // (X ⊗ Y )[1]
is distinguished.
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Example 2.2. 1. The tensor triangulated categories considered in [1, 1.], [7, Appendix 8.A], [6,4] satisfy the above
conditions.
2. Two primary examples are the homotopy category of spectra and the derived category of modules over a ring.
3. The triangulated category of geometric motives of Voevodsky [11] is also an example of a tensor triangulated
category.
3. Auxiliary lemmata and definitions
The basic definitions and properties of triangulated categories and of t-structures are presented in [8,10] and [2]
respectively. In what follows, A always denotes the heart of a triangulated category D with respect to a given t-
structure (D≤0, D≥0) and for any integer n, the n-th homology functor is denoted by Hn which takes an object X of
D to the object τ≥0τ≤0(X [+n]) of the heart.
Lemma 3.1. Let D be a triangulated category with a t-structure. Assume that the zero object is the only object all of
whose cohomology objects vanish. We assert that the following two conditions are equivalent:
1. The category D is, as a triangulated category, generated by the heart A.
2. For each object X of D, the set of integers n ∈ Z for which Hn(X) 6= 0 is finite.
Proof. As the homology functors Hn : D → A associate a long exact sequence with any distinguished triangle, we
conclude that the full subcategory formed by objects X satisfying the second condition above is triangulated. Therefore
the first condition implies the second. Now let the second condition be satisfied. We first note that the assumption in
the statement entails that the essential image of the functor τ≥0: D → D is the same as the subcategory formed by
objects X for which Hn(X) vanishes for all n < 0 and similarly for all other truncation functors on D. Let us show
that any object X of D belongs to the triangulated subcategory generated by the heart A. By definition there is, for
every integer n, a distinguished triangle
τ≤nX → X → τ≥n+1X → (τ≤nX)[1].
On the basis of this and an appropriate induction on the cardinality of the set of integers n for which Hn(X) 6= 0,
we reduce the problem to the case where Hn(X) = 0 for each n 6= 0, 1. In this case τ≤0X = H0(X) and
τ≥1X = H1(X)[−1] so that the distinguished triangle above reads H0(X) → X → H1(X)[−1] → H0(X)[+1].
Therefore X belongs to the triangulated subcategory generated by A. 
Definition 3.2. Let D be a triangulated category equipped with a t-structure.
1. The t-structure on D is said to be bounded if the zero object is the only object all of whose cohomology objects
vanish and if it satisfies any of the equivalent conditions in 3.1.
2. A tensor structure on D is said to be compatible with the t-structure if A⊗ A is contained in A.
Example 3.3. 1. Let A be a tensor abelian category. The bounded derived category of A is a tensor triangulated
category with a bounded t-structure compatible with the tensor structure.
2. The triangulated category of mixed Tate motives over a number field is a tensor triangulated category with a
compatible bounded t-structure. This follows from [5, Corollary 4.3] and the definition above.
Lemma 3.4. Let D be a tensor triangulated category equipped with a bounded t-structure. The following assertions
are equivalent.
1. The tensor structure on D is compatible with the t-structure, i.e. A⊗ A ⊆ A.
2. For any pair X, Y of objects of D and integers n,m we have τ≥n+m+1(τ≤nX ⊗ τ≤mY ) = 0 and τ≤n+m−1(τ≥nX ⊗
τ≥mY ) = 0.
Proof. We first show the implication 2⇒ 1. Note that for any object A of the heartAwe have τ≤0A = A. In particular
for any other object B of the heart we have τ≥1(A⊗B) = 0 and hence τ≤0(A⊗B)→ A⊗B is an isomorphism. That is
A⊗B is in the subcategory D≤0. Similarly it can be shown that A⊗B is in the subcategory D≥0. To prove that 1⇒ 2
let us show, for example, that for objects X, Y of D and integers n and m we have τ≥n+m+1(τ≤nX ⊗ τ≤mY ) = 0. Let
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X be fixed and define the class S to be consisting of objects Y for which the condition τ≥n+m+1(τ≤nX ⊗ τ≤mY ) = 0
is satisfied for all integers m and n. The identity τ≤m(Y [k]) = τ≤m−k(Y )[k] shows that S is stable under shift. By
boundedness of the t-structure, S is identified with the class of objects Y for which Hq(Z ⊗ τ≤mY ) = 0 for all m, n
and q with q ≥ m + 1 where Z = τ≤n(X)[n]. We claim that S contains every object Y of D. Consider the canonical
distinguished triangle
Z ⊗ τ≤m−1Y → Z ⊗ τ≤mY → Z ⊗ Hm(Y )[−m] → Z ⊗ (τ≤m−1Y )[1].
Note that τ≤mY → 0 as m → −∞. Therefore the claim for Y follows from an induction argument on m once we
show that for any object A of the heart Hq(τ≤nX ⊗ A) = 0 for all q ≥ n + 1. To see this consider the distinguished
triangle
τ≤n−1X ⊗ A → τ≤nX ⊗ A → Hn(X)⊗ A[−n] → τ≤n−1(Y )⊗ A[1].
Since τ≤nX → 0 as n →−∞, an induction on n and the assumption that A⊗A ⊆ A show that Hq(τ≤nX ⊗ A) = 0
for all q ≥ n + 1. The claim follows. 
Definition 3.5 ([9, Chapitre IV, Section 1]). Let A be a category. The category of (bounded) graded objects in A,
denoted as grb − A, is defined to be the category of functors X :Z→ A where Z is viewed as a discrete category and
such that the set {n ∈ Z | X (n) 6= 0} is finite.
Remark 3.6. (a) By definition a typical object X of the category grb − A is a collection (Xn := X (n)) of objects
of A indexed by a finite set of integers, and a morphism f between two such objects X and Y is a collection of
morphisms fn : Xn → Yn .
(b) If A is a tensor category and X, Y a pair of objects of grb − A, we may define X ⊗ Y to be an object of grb − A
with
(X ⊗ Y )n :=
∐
p+q=n
X p ⊗ Yq .
And the graded twist tgr: X ⊗ Y → Y ⊗ X is defined to be the unique morphism whose restriction to X p ⊗ Yq is
(−1)pq t : X p ⊗ Yq → Yq ⊗ X p.
4. The Ku¨nneth isomorphism
Theorem 4.1. Let D be a tensor triangulated category with a compatible bounded t-structure. Then for objects X, Y
and an integer n there is a natural isomorphism
Hn(X ⊗ Y ) =
∐
p+q=n
H p(X)⊗ Hq(Y ).
Proof. The first step is to construct morphisms p∩q : H p(X) ⊗ Hq(Y ) → Hn(X ⊗ Y ) for any pair p, q of integers
with p + q = n which are natural in both arguments. By definition of τ≤n and 3.4 there is a natural morphism
ρ: τ≤pX ⊗ τ≤qY → τ≤n(X ⊗ Y ). Taking the n-th cohomology of this morphism, we see that to define p∩q it is
enough to construct a natural isomorphism
kn : Hn(τ≤pX ⊗ τ≤qY )→ H p(X)⊗ Hq(Y ).
We consider the distinguished triangle τ≤p−1X → τ≤pX → H p(X)[−p] → τ≤pX [+1] and apply the triangulated
functor−⊗τ≤qY to it. Using 3.4, the long exact sequence of cohomology objects associated with the resulting triangle
shows that Hn(τ≤pX ⊗ τ≤qY ) is naturally isomorphic to Hn(H p(X)[−p] ⊗ τ≤qY ). Repeating this once more for an
appropriate choice of objects shows that the natural morphism
kn := Hn
(
τ≤pX ⊗ τ≤qY → H p(X)[−p] ⊗ Hq(Y )[−q]
)
is an isomorphism. Now we define the morphism p∩q to be the composite Hn(ρ) ◦ k−1n . This was the first step and
the conclusion is the existence of a morphism
∩:
∐
p+q=n
H p(X)⊗ Hq(Y )→ Hn(X ⊗ Y ),
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that is the natural isomorphism if X is of the form A[−p] for A ∈ A and that for morphisms f : X → X ′ and
g: Y → Y ′ the diagram∐
H p(X)⊗ Hq(Y )
∐
H p( f )⊗Hq (g) //
∩

∐
H p(X ′)⊗ Hq(Y ′)
∩

Hn(X ⊗ Y ) H
n( f⊗g) // Hn(X ′ ⊗ Y ′)
is commutative. The second step is to show that the thus defined morphism ∩ is an isomorphism for all X and Y .
For a fixed object Y , the first step shows that A is contained in the class S consisting of objects X of D for which
the morphism ∩ is an isomorphism for all integers n. It is easy to show that S is invariant under shifts and finite
coproducts. Now let U → V → X → U [+1] be a distinguished triangle, two vertices U and V of which are in S.
We tensor this distinguished triangle by Hq(Y ) and by axioms of tensor triangulated categories we obtain the new
distinguished triangle
U ⊗ Hq(Y )→ V ⊗ Hq(Y )→ X ⊗ Hq(Y )→ U ⊗ Hq(Y )[+1].
As any object of the heartA, and in particular Hq(Y ), belongs to S, we see that the long exact sequence of cohomology
objects corresponding to the latter distinguished triangle reads as
H p(U )⊗ Hq(Y )→ H p(V )⊗ Hq(Y )→ H p(X)⊗ Hq(Y )→ H p+1(U )⊗ Hq(Y )→ H p+1(V )⊗ Hq(Y ).
Consider the coproduct of all such five-termed exact sequences corresponding to all pairs p, q with p + q = n. By
naturality, the morphism ∩ defines a morphism from the latter to the exact sequence
Hn(U ⊗ Y )→ Hn(V ⊗ Y )→ Hn(X ⊗ Y )→ Hn+1(U ⊗ Y )→ Hn+1(V ⊗ Y ).
The five lemma in the abelian category A shows that the cap-product is an isomorphism for the term corresponding to
X ⊗ Y . This shows that S is a triangulated subcategory of D containing the heart A and hence by 3.1 coincides with
D. The proof is complete. 
Definition 4.2. An ACU-tensor triangulated category is an additive category D such that
1. D has the structure of a symmetric monoidal category (i.e. D has a tensor structure ⊗: D× D → D with coherent
associativity ϕ, unit 1, and commutativity t),
2. (D,⊗) is a tensor triangulated category in the sense of 2.1, and
3. the diagram
1[1] ⊗ 1[1] t //
l1,1

1[1] ⊗ 1[1]
l1,1

1[2] −id // 1[2]
is commutative.
Remark 4.3. (a) In [9, Chapitre I, 2.4.3] a category satisfying the first condition is called an ACU-tensor category.
Also note that the commutativity of the above diagram is the axiom (TC1) in [6] and axiom (TTC2) in [7, Appendix
8A].
(b) The tensor triangulated category of geometric motives, like many other examples, satisfies the definition above.
Indeed the sign axiom is already true at the level of complexes in the category SmCork of finite correspondences
and the rest is stated after [11, 2.1.3]; see also [7, Appendix 8A].
(c) Let D be a tensor triangulated category satisfying 4.2 and T an object in it. Then for any integer n, the action of
any permutation σ on (T [1])⊗n is, after identifying it with T⊗n[n], the same as sgn(σ )σ [n]. This follows from
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the fact that for objects X, Y, Z and T the diagram
(X ⊗ Y )⊗ (Z ⊗ T )
t

id⊗tY,Z⊗id // (X ⊗ Z)⊗ (Y ⊗ T )
t⊗t

(Z ⊗ T )⊗ (X ⊗ Y ) id⊗tT,X⊗id // (Z ⊗ X)⊗ (T ⊗ Y )
is commutative by pentagon + hexagon axioms of ACU-tensor categories. Note that we have omitted the
associativity constraint in our diagram. Taking X = Z = 1[1] and Y = T , we obtain the assertion for n = 2.
Corollary 4.4. Let D be an ACU-tensor triangulated category as in 4.2. With the notation as in 3.6 and 4.1 the
following diagram is commutative:
H(X ⊗ Y )
H(t)

H(X)⊗ H(Y )
tgr

∩oo
H(X ⊗ Y ) H(X)⊗ H(Y )∩oo
Proof. Let X and Y be objects of a tensor triangulated category D with a compatible bounded t-structure. Let t
denote the commutativity constraint which is, by definition, functorial. In particular the diagram on the left below is
commutative:
τ≤pX ⊗ τ≤qY
t

natural // H p(X)[−p] ⊗ Hq(Y )[−q]
t

∼= // H p(X)⊗ Hq(Y )[−p − q]
(−1)pq t[−p−q]

τ≤qY ⊗ τ≤pX natural // Hq(Y )[−q] ⊗ H p(X)[−p] ∼= // Hq(Y )⊗ H p(X)[−p − q]
By 4.3(c) the diagram on the right is also commutative. We may apply the functor Hn to this diagram and obtain a
commutative diagram in A. By 3.6, we obtain a commutative diagram in grb−A where for an object Z of A the object
H(Z) of grb − A takes n to Hn(Z). This is what we wanted. 
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